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0. INTRODUCTION

Within the last few years there has been an increasinc i publi c

awareness of the impact of weather and climate on mankind. The Air

Weather Service of the U.S. Air Force has had a continuing and

exponentially growing mission to provide climatological information to

weapon system designers and operators , and to planners on both the

strategic and tactical level. The increasing sophisticati . n an d cost of

weapons systems and the recognition that the environment di-grades or

offers opportunities h~s led to tile requirement for more arid better

clirnatological information .

The present study was motivated by the goal of achiev i ng a

capability to determine the climatic probability of above-threshold

conditions of weather relative to the success of an Air Force flight

mission , anywhere , at any time expeditiously. A more limi ted goal of —

this research was to “expedite the dete rmina tion of the cl ima tic

prob abili ty of any des i red weather event , anywhere in the ~corl d , for any

hour of the day.”

The study focused on f iv e weather el ement s - v i s i b il i t y,  windspeed ,

skycover , rainfall anti ceiling. For each of these, useful probab i l i stic

models were obtained , and applied to more than twenty stations .

-
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1. METHODOLOGY

Vast amounts of data are available from many worldwide

locations and for many weather elements. A wealth of data is stored in

As hev i l l e , North Carolina , “the largest climatic center in the world. ”

To make some of the data more accessi bl e RUSSWO ’ s (Revised Uniform

Summary of Weather Observations) and SMOS’s (Summary of Meteorological

Observations , Surface) have been prepared by the Data Processing

Divi sion of the Air Weather Service a-rid the Naval Weather Service

Detachment respectively.

To estimate the probability of some weather event such as the

probability of a wi ndspeed less than 5 knots at Bedford at 1300 hours on

July 4 , 1984, otie cou ld look up the or iginal  records or summaries for

1300 hours on previous July dates , an d estima te the require d probabi l i ty

from these past records. To have the capab i l i t y  of obt a in ing

predictions for many weather elements , for many l ocations , for ar b i trary

months and times of day obviously would require access to a voluminous

amount of data.

• An al ternate method of estimation of the required

probabilities is by the use of probability models. A very elementary

method of develo p in g a model for data is the fol lowin g. First , make a

h istogram of the data , an d then “smooth” the histogram to obtain a

frequency distribution (probability density function). The probability

of a va l ue of the varia b l e less than some stated amount is then

estimated by the proportion of the area under the frequency distribution

to the le ft of tha t amount .

There are usually a number of curves or distributions which

can be used to “fit” the data. If there are theoretical justifications

L ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
---
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3

for spec i f ic  dis tr ibutions , then , of course , those should be used .

Where there are no theoretical justifications , a number of families of

empirical distributions can be used. Johnson , Pearson ~nd Burr families

of curves each are capable of describing a wide variety of frequency

distributions. The Pearson curves are probably the oldest and best

known. An advantage of Johnson curves is that estimates of the

percentiles of the fitted distribution can be obtained using a table of

areas under a standard normal distribution. Burr curves have a closed

form cumulative distribution function. That is , the probability that a

ran dom varia b le has a value less than some speci fied amount can be

calculated by substitution in a simple expression, with no need for

tables or numerical integration.

Once a part icular distr ibution or fam i ly of dis t r ibut ions has

been selected , for a given set of data , the parameters mu st be

estimated. For example , the frequency distribution function for the gamma

distribution is given by

f(x) ab xb l e ax/r(b) for x~0, a, b > 0

0 elsewhere

The parameters a and b must be chosen so that the frequency distribution

curve best fits the data.

The usua l (and efficient) method for estimation of the

parameters is by the method of maximum likelihood , or in some cases by

the somewhat less efficient method of moments. With the parameters thus

estimated , probabilities of conditions above or below a certain level

can be obtained by integrating the probability density function.

_  
_ _ _ _
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We have taken a sli ghtly different position in our model i ng.

Firs t, we bel ieve that the probab i l i ty den si ty funct ion i tself  i s of

limited i nterest. What we are usually interested in is the probability

that the varia b le of interes t w i l l  exceed, or be less than some stated

value . That is , it is the cumula tive distri bution functi on (c .d.f .)

that is of greatest interest. With this in mind it seemed logica l to

investi gate the possibility of restricting our first choice of prob-

ability density functions to those whose c.d.f. ’s are in closed form .

In this way we avoided the need for numerical i ntegration or tables.

The idea of fitting distributions , wh ich have closed form

cumu lative distri buti on functions , is not new. I.W. Burr (1942)

proposed their use. However , even his  “Type XII” distribution (Burr

Curve) has only recently received any notice in the literature.

We have been abl e to f i n d closed form cumula ti ve d istri but ion

funct ions which giv e good models for the wea ther elements of i nterest .

here is a second area in which we have departed from the

traditiona modeling techniques. Instead of estimating the parameters

of the probability density function using maximum likelihood estimators ,

or the method of rioments we have chosen a different technique. We have

regressed the emp r ical cumul ative distri bution on the model cumulative

distribution. Th~ model parameter estimates are thus those which

minim ize the sums of squares of the difference between the “corners ” of

the empi rical c.d.f. and the corresponding points on the model

cumulative distrioution function.

We believe the above procedures are superior for our problem.

We are interested -in the probabilities that a weather element wi ll be

below (or above) given level. The parameter estimates are those for
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which the data and the model difference have the smallest root mean

square . The procedures have “robust” properties , which will be further

presented elsewhere at a l ater date.

Figure 1.1 illustrates the use of the method using visibility

data from Mildenhall , England for February , 1000 hours. The fitted

curve is the Weibull cumulat ive distribution function. Table 1.1 gives

the observed and fitted values iror the same station and hour.

x (Miles) 0 ¼ 5/1 ¼ 5/8 3/4 1 1¼ 1½ 2 2½ 3 4 5 6

OBSERVED .000 .031 .034 .047 .065 .08]. .113 .152 .180 .247 .343 .392 .453 .557 .613

FIT .0~~ .027 .035 .059 075 .091 .124 .156 .188 .251 .310 .366 .467 .555 .629

TABLE 1.1

OBSERVED AND FITTED VALUES FOR PROB CX < x)

MI LD EN I -IA L L , ENGLAND , FEBRUARY 10 A.M.

2. M )DELS FOR WEATHER ELEMENTS

a) Mode l for Visibility The Weibu ll distribution has been

found -o be a good model for visibility . The cumulative distribution

functi ’n is given by
_axb

F(x) 1—e a, b >0, x ~O

Table 2.1 gives Ue estimates of the parameter values for a and b for Scott

AFB for the month of April. The visibility x is given in ~~ feet. The

data for all the parameter estimates for the model~ of this  paper were

obtained from “Revised Uniform Summaries of Weather Observations” prepared

by the Air Weather Service. The rms of the differ€nce between the mode l

and empirical probability estimates , average d over al l  months for each of

the eight timesof day , is .01.

L . _
~~~~~~
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TIME OF DAY

0100 0400 0700 1000 1300 1600 1900 2200

a .00217 .00536 .00934 .00217 .00106 .00152 .00202 .00163

b 2.504 2.169 1.973 2.406 2.602 2.420 2.393 2.528

TABLE 2.1

ESTIMATES OF VISIBILITY

TABLE OF SCOTT AFB PARAMETERS FOR WEIBULL MOEIEL

MONTH OF APRIL

A more detailed description of the methodology dnd tables of

parameter values for twenty two diverse locations by months and time of

day is given in Scientific Report #3, “Some Models for Vi~.ibility ,”

AFGL-TR-79-0144 of this contract.

b) Model for Sky Cover A model commonly used for sky cover is

the Beta distribution. We propose a new distribution , which we call

the S distribution. The cumulative distribution function s given by

F(x) 1 - ( l_X
a)b a, b>0, 0~ x~ 1

The random variable x is the proportion of the sky covered by clouds.

in a forthcoming paper the authors demonstrate that for nearly all Beta

distri butions , there is an S distr ib ut i on function whic h is a very c lose

approximation.

Table 2.2 gives the estimates of the parameter values for

a and b for Balboa , Canal Zone for the month of May. The rms of the

difference between the model and emp irical probability estimates averaged

over all months , for each of the eight times of day is .017.

- - ---5- -
. - • -



________ 
-

8

TIME OF DAY

0100 0400 0700 1000 1300 1600 1900 2200

a .511 .654 1.740 2.601 3.206 3.574 1.375 .586
b .385 .415 .353 .387 .340 .269 .226 .310

TABLE 2.2

ESTIMATES OF SKYCOVER PARAMET [ RS

S-DISTRIBUTION , BALBOA , MONTH O I MAY

A more detailed description of the methcdology and tables of

parameter values for twenty-three diverse locations by month and time

of day is gi ven in Scientific Report #2, “Some Models for Skycover,”

AFGL-TR-78-0219 and in Scientific Report #5, “A New Mode l for Skycover ,”

AFGL-TR-79-0219. Both were written as a part of this contract.

c) Model for Wi ndspeed The Weibu ll model has been found to

be a good mode l for windspeed. Assuming the probabilit y of “calm ” to be

c , then we use the cumula t ive  d i s t r ibu t ion  func t ion
- ax bF(x) c + (1- c)(1 - e ) a, b , c>O , x~O

We thus use a three parameter model. Table 2.3 gives the estimates of the

par ameter values for a , b , and c for Hill AFB for the month of November.

The windspeed x is ghen in knots . The rms of the difference between

the model and empirical probab ility estimates averaged over all months ,

for each of the eight times of the day is .01.

~~~~~~~~~~~
.
--- 5-- - - •.-—— - - - -----~~~~~~~~~~~~~~~~ - - 5 . . - -
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TIME OF DAY

0100 040) 0700 1000 1300 1600 1900 2200

a .0112 .008) .0086 .0102 .0233 .0268 .0283 .0166

b 2.049 2.10 2.044 2.065 1.777 1.797 1.772 1.980

c 0.105 0.08’ 0.083 0.101 0.162 0.193 0.251 0.163

TABLE 2.3

TABLE O~ ESTIMATES OF WINOSPEED PARAMETERS

FOR WEIBULL DISTRIBUTION , HILL AFB

MONTH OF NOVEMBER

A more deta i ~ed description of the methodo l ogy and tables

of parameter values for wi ndspeed for twenty five diverse locations

by month and time of o~y is given in Scientific Report #4, “Some Models

• for Windspeed” , AFGL-TR-79-0180 of this contract.

d) Model for Daily Precip i tation Mielke (1973) has used

the two parameter kappa distribution for rainfall , an d intro duced the

three-parameter kappa distribution. The cumulative frequency distribu-

tion for the three-parameter distribution is given by

F(x) = Ux,b)at,(a+(x,b)at )]
l
~~ a,b,t>0 x ~0.

The daily rainfall x is measured in inches. Although ther~ is a posit i ve

probability of no precipitation , the kappa distribution can be used

to obtain the estimated probability of no precipitation (including

trace) if we put x .005 inches.

•1
I

— - ----———~~ “-5
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Tab ’e 2.4 g yes the estimates of the parameter values for a, b

and t for Patrick Air Force Base for January , February , and March.

MONTH a b t RMS of Fi t
Jan 40 .100 .05 .015
Feb 110 .975 .05 .011
Mar 100 .800 .05 .009

TABLE 2.4

TABLE OF ESTIMATES OF

KAPPA DISTRIBUTION PARAMETE~S

FOR DAILY PRECIPITATION PATRICP. AFB

JAN. , FEB. , MAR.

A more detailed description of the methodology and tables of

parameters for da i l y  preci pitation by month are given in Scientific

Report #1, “Some Models for Rainfall” , AFGL-TR-78-0218 and in Scientific

Report #6, “Some Additional Models for Rainfall” , AFGL-TR-79-0220, both

written as a part of this contract.

e) Model for Ceiling The Burr Curve was utilized for

modeling ceiling . The cumulative distribution for the Burr Curve is

given by

F(x ) = 1 ~~ 
(1 - (X,C )a )_ b a ,b,c > 0, x ~0.

Table 2.5 gives estimates of the parameter values a, b an d c

for Bangor, Maine , for the month of May. The rms of the difference

between the mode l and the empirical probability estimates averaged over

al l hours , for May , is 0.2.

: _ _  - _5-____5- -5_._ _ _ -5_~___._ _ _ J_J_ —— --- ---
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TIME OF DAY

0100 0400 0700 1000 1300 1600 1900 2200

a .6123 .6183 .9415 1.3016 1.9219 1.6175 .8940 .6723

b .7378 .6199 .2674 .2510 .1930 .2442 .7729 .7039

c 10000 5000 1000 1500 1500 2000 10000 10000

TABLE 2.5

ESTIMATES OF “BURR CURVE” PARAMETERS FOR CEILING

BANGOR , MAINE , MAY

A more detailed description of the methodology and tables of

parameter values for ceil ing - for twenty-three diverse locatio s by month

is given in Scientific Report #7, “Some Models for Ceiling ” , AFGL-TR-79-O221.

f) Extreme Value Model for Rainfall The “extreme valu e”

distribution was used for modeling the maximum amount of dai l, rainfall

for a specified month . The cumulative distribution function is given by

F(x) = exp (-exp(-((x-p)/a))) a > 0 
-

where p and a are constants or the parame ters for the distri bution .

Table 2.6 gives the estimates m and s of the parameter values

~.i and a for Patrick AFB , and the rms values for each month.

_ _  - 5- - .-—----——- -—---- .-~~. •-5---- — -—-5- - - - -- —
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m s RMS

Jan. 0.553 0.833 0.034

Feb. 0.913 0.770 0.051

Mar. 0.780 0.757 0.030

Apr. 0.584 0.563 0.030

May 0.885 0.787 0.025

Jun. 1.239 0.964 0.024

Jul . 1.018 0.404 0.033

Aug. 1.276 0.562 0.039

Sep. 1.828 1.034 0.038

Oct. 1.201 1.155 0.033

Nov. 0.653 0.858 0.048

Dec. 0.524 0.479 0.019

TABLE 2.6

ESTIMATES OF ~‘EXTREME VALUE” PARAMETERS

MAXIMUM DAILY RAINFALL

PATRICK AFB

A more detai l ed descri pt ion of the metho dology an d tables of

parameter for nine diverse locations are given in Scientific Report #1,

“Some Models for Rainfall” , AFGL-TR-78-0218, wri tt ’n as a part of this

con tract .

g) Overall or Comprehen si ve Mode l s For skycover an d da i ly

precipitation , some “overall” models were developed. By this we mean

models in whic h the month of the year m ( 1, 2 , 12) and/or the hour

of the day h (1, 2 , 24) are inc lu ded in the formul a g i v i n g the

probability (cumulative distribution function) of a value of skycover

(or r a i n f a l l )  less than some stated amount .

L. _1’~~ ~~~~~~~~ -5. •—~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • 5 -  -- _ _ _ _
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As an example for Patrick AFB , we may use the fol lowin g

formulas for a, b and t.

a = 61.59 + 7.880 m - .652

b = .0095 + .361 m - .029 m2

t = .021 + .015 m - .011 m2

where m is the month )f the year. The formulas in effect ~eplace the

table of parameter va~ues for the station (e.g. Table 2.4) The rms of

the error (over all m.nths) using the above formulas is .O~, compared to

the values .015, .011, .009 for January, February and Marc~ us in g

separate parameter va i ues for each month.

Scientific Report #1, “Some Models for Rainfall” , contains

“overall” rain fal l  models for the stations modeled there . The parameter

estimates for some models are polynomials in m and in others inclu de

sine or cosine functions.

Sci en t i f i c  ~eport #2 “Some Models for Skycover” contains

“overall skycover mod~ls for the stations modeled there. Since for

skycover we have di ffnrent models for months and times of day, the “overall”

models have parameter estimates which are functions of both month m , and

time of day h. Models given in the report include polynomials in m and h ,

and models including sine and cosine terms in addition to the polynomial

terms.

“Overall” or “comprehensive ” models were not ‘leveloped for

other weather element~.. The advantage of the “overall” model is that

the requirement for a table of values for each month an’i/or time of day

no longer exists. Th€ table is replaced by a set of formulas. Overall

models have some disa vantages. First , the overall models are less

accurate. They can b made more accurate by increasing the number of



terms i n the formul a, but that in turn increases the amount of

ca l cul at ion , and also the amount of storage required in a computer

program , and may cancel out the advantage of not needing a table.

Althou gh , we doubt that in general , “overall” models will be

preferable to “indiv idual” models , we have demonstrated that they can be

developed , an d have deve l oped some “overall” model s for skycover and

rain fall.

3. SUMMARY OF ACCOMPLISHMENTS

It has been demonstrated that models can be developed to

compact historical records of weather events. Models have been

developed for visibility , skycover, win dspeed , rainfall and ceiling.

These models have been used to “compact ” historical records for each of

the above weather el ements for mo re than twenty stations at diverse

locations. The followi ng models (distributions) h -we been successfully

utilized.

Visibi lity - Weibul l

Skycover - Beta , Johns on Curve , S-curve

Wi ndspeed - Weibull

Rai n f a l l  - Lognormal , Three-par ~meter Kappa

Ceil i ng - Burr Curve

It has been demoAstrated that “overall” r “comprehensive ”

models can be developed which eliminate the need 1)r separate tables of

parameter values for di rferent months and/or time )f day. These models

are not as accura te , but accuracy can be incr eased by addin g more terms

for the formulas for the parameter estimates. Thi is at the expense of

additiona l complexity , computation and storage . “ verall” models for

skycover and rainfall were developed and applied t ’  ~ limited number of

stations.

_ _ _ _ _ _  _ _ _ _ _  .— ~~~~—. -5—---~~~~~~~~~~~~~~
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Departing from some standard methodologies, the princ iple

of modeling using distributions having closed form cumulativ e distribution

functions was adopted. Since the objective was the estim.—tion of

probabili t ies , this means that the required probabilities can in all

cases be calculated from straightforward formulas with no need for

additional approximations or numerical integration.

Anot her departure from tradit ional model i ng techn iques was

the estimation of the model parameters by regressing the empirical

*cumulative distribution function on the model distribution function.

The model parameter est imates are thus those which minimize the sums of

squares of the “dif ferences” between the empirical and model distribution

functions (probabilities). The optimum properties of the procedure is

the subject of a planned future publication.

A new distribution , referred to as the S-distribution was

introduced , and it was used for modeling skycover. A discussion of the

properties of the S-distribution is the subject of a plan ~ed future

publ ication.

The followi ng Scientific Reports were published.

#1 Some Models for Skycover TR-1978-0218

#2 Some Models for Rainfall TR- 197&-0219

#3 Some Models for Visibility TR 1979-0144

#4 Some Models for Wi ndspeed TR- 1979-0180

#5 A New Model for Skycover TR-1979-0219

#6 Some Additional Models for Rainfall TR-1979-0220

#7 Some Models for Ceiling TR-1979-0221

*A more detailed description of the method is planned for a future

Scientific Report entitled , “Use of Non-linear Regression to Estimate

a Cumulative Distribut ion Function. ”
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